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Abstract. We investigate the properties of a global optical potential, which describes the 12C + 12C
elastic-scattering data between 70 and 130 MeV, within the nearside/farside and barrier-wave/internal-
wave decomposition techniques. Particular emphasis is laid on the discussion of the incomplete absorption
features of this system, and especially on the properties of the Airy minima which are observed in the
experimental 90◦ excitation function. The complicated angular and energy evolution of the data is explained
in terms of the interference of a small set of scattering subamplitudes with a much simpler behavior.

PACS. 24.10.-i Nuclear reaction models and methods – 24.10.Ht Optical and diffraction models – 25.70.Bc
Elastic and quasielastic scattering

1 Introduction

The observation of Airy maxima and minima in the
elastic-scattering angular distributions for some light
heavy-ion systems, like 16O + 16O, 16O + 12C and
12C + 12C, has attracted much attention recently [1–5].
The appearance of these refractive features is consid-
ered to provide the most direct evidence for a substantial
transparency of the interaction; this incomplete absorp-
tion makes possible a precise determination of the optical-
model potential on a much broader radial range than is
possible for systems dominated by strong absorption, for
which the potential can only be investigated in the far
surface region [6].

It has thus been found that the real part of poten-
tials reproducing the evolution with energy of the Airy
features of the data must necessarily be deep, in agree-
ment with the predictions of semimicroscopic approaches
like the folding model [7–10], or more microscopic calcu-
lations where antisymmetrization between projectile and
target is fully taken into account [11]. Optical-model po-
tentials, varying smoothly with energy and reproducing
reasonably well the complicated energy dependence of the
data, are now available for several of these exceptional
systems [1–5]. A recent review, enhancing the incomplete-
absorption features displayed by some light heavy-ion sys-
tems and the current optical-model understanding of these
features, can be found in ref. [12].

a e-mail: francis.michel@umh.ac.be

The physics of the Airy extrema has often been dis-
cussed within the frame of semiclassical approaches. These
techniques have revealed to be particularly helpful for dis-
entangling the various interfering mechanisms involved in
the building up of the scattering amplitude, which make
the angular and energy dependence of the scattering cross-
section very intricate; the situation is even more complex
in the case of identical colliding nuclei, where the sym-
metrization of the scattering amplitude introduces ad-
ditional interference effects. As an example, we display
in fig. 1(a) the predictions, in 2 MeV steps between 70
and 130 MeV, of a global 12C + 12C phenomenological
optical potential of Brandan et al. [5], which describes
successfully the fourteen experimental angular distribu-
tions of Stokstad et al. [13] between 70.7 and 126.7 MeV.
Whereas at small (and large) angles, the energy depen-
dence of the angular-distribution pattern is smooth and
well described in terms of diffraction effects, at interme-
diate angles the angular pattern is seen to vary wildly on
a scale of a few MeV; at 90◦ the Brandan potential pre-
dicts a collapse of the cross-section around 80, 100 and
130 MeV; this is in qualitative agreement with the experi-
mental 90◦ excitation function, which displays broad Airy
minima around the first two of these energies [14], and
the collapse of the experimental cross-section around 90◦
at 126.7 MeV [13]. Note that in fig. 1(a), as in other fig-
ures where the symmetrized cross-section is displayed, we
present the ratio of the cross-section to the symmetrized
Rutherford cross-section σR(Θ) + σR(π − Θ), and not to



334 The European Physical Journal A

Fig. 1. Symmetrized (a) and non-symmetrized (b) 12C + 12C
optical-model angular distributions calculated in 2 MeV steps
between 70 and 130 MeV laboratory energies using the energy-
dependent potential of Brandan et al. [5] (in this and the fol-
lowing similar figures, the 70 MeV curve is normalized cor-
rectly, and each successive curve is displaced by a factor of 2
with respect to the previous one).

the Mott cross-section, in order to avoid the introduction
of additional unphysical oscillations in the plot due to the
considerable structure present in the Mott cross-section at
these energies [15].

In two recent papers [15,16], we have presented a thor-
ough analysis of the 16O + 16O optical-model elastic an-
gular distributions, for energies ranging from 5 to 10 MeV
per nucleon, within the frame of the barrier-wave/internal-
wave (B/I) separation technique; we showed that this de-
composition, first introduced in a semiclassical context by
Brink and Takigawa [17,18], complements nicely the pic-
ture supplied by the more popular nearside/farside (N/F)
approach [19], and that it provides a much clearer and
deeper explanation of the building-up of the Airy extrema
seen in the 90◦ excitation function and in the angular dis-
tributions. By investigating this decomposition further, we
have more recently shown [20] that the mechanism under-
lying the gross structure observed in light heavy-ion scat-
tering is in fact rather different from that which produces
the Airy structure in the meteorological rainbow, and that
the Airy terminology is thus not fully adequate in the nu-
clear context; for convenience we will however stick to this
widely used conventional terminology in the following.

In the N/F approach, the elastic-scattering amplitude,
f(Θ), is split into two contributions, fN(Θ) and fF(Θ),
corresponding to classical trajectories with positive and
negative deflection angles, respectively [19]. While the
Fraunhofer oscillations seen at small angles are found to
result from the interference between the nearside and far-
side contributions to the scattering, the Airy structure
seen in the experimental data for systems governed by in-
complete absorption is found to be fully carried by the
farside component.

To explain the Airy structure in this approach, one has
thus to invoke the existence, in the farside component it-
self, of two interfering contributions corresponding to neg-
ative deflection angle trajectories with different ranges of
angular momenta, usually noted as �< and �> [21]. This
mechanism is similar to that proposed long ago by Airy
to explain the supernumerary bows seen in the familiar
meteorological rainbow. One observes that an increase of
the imaginary part of the optical potential in the central
region makes the Airy oscillations disappear [22]; this is
interpreted as being due to the progressive damping of
the lower angular-momentum contribution �< to fF when
absorption increases.

In the alternative B/I scheme —which makes only
sense if the real part of the potential is deep enough for
the effective potential to display a “potential pocket” for
all the active partial waves— the elastic-scattering ampli-
tude is also split into two parts: the barrier contribution,
fB(Θ), which corresponds to the part of the flux which is
reflected at the effective potential barrier, and the inter-
nal contribution, fI(Θ), which accounts for the part of the
incident flux which penetrates the nuclear interior and re-
emerges in the entrance channel after reflection from the
most internal turning point [17,18].

Numerical experiments show that the internal contri-
bution can give a sizeable contribution to the scattering
amplitude when absorption is incomplete, while it be-
comes vanishingly small when absorption is strong. For
systems like 16O + 16O, the internal component is in-
deed found to give an important contribution to the full
scattering amplitude [15]. More importantly, the (non-
symmetrized) barrier and internal contributions are found
to have comparable magnitude and to behave smoothly in
the angular region where the Airy extrema are observed.
In the B/I picture, the appearance of the Airy structure
is thus directly connected with an interference mechanism
between the barrier and internal components of the scat-
tering amplitude [15]; the B/I decomposition thus pro-
vides a much more direct interpretation of the Airy ex-
trema than the N/F scheme.

It proves useful to combine these two approaches, and
to extract the nearside and farside components of the
barrier and internal contributions fB and fI; this was
first proposed in a pioneering paper by Rowley, Doubre
and Marty for the 12C + 12C system at the c.m. en-
ergy of 51 MeV [23], and systematically applied to the
16O + 16O case in refs. [15,16]. In contrast with alterna-
tive approaches, like the so-called “interpolated-envelope
technique” [24], where this decomposition is performed in



F. Michel and S. Ohkubo: Evolution of Airy structure in 12C(12C, 12C)12C between 5 and 10 MeV/A 335

an empirical way, the N/F decomposition of the barrier
and internal-wave amplitudes is performed in a rigorous
way, and in addition it provides components with a clear
physical content. This two-step decomposition eventually
supplies the two smooth components of the farside con-
tribution, fB,F and fI,F, whose interference explains the
structure seen in the farside contribution in the 16O + 16O
case, and hence the Airy structure seen in the full elastic-
scattering amplitude.

In ref. [15], this decomposition scheme was applied to
the study of the properties of the 16O + 16O optical-model
potential of Nicoli [25] between 75 and 124 MeV incident
energy. The parameters of this potential were individually
adjusted to experiment at each energy [25]; the potentials
extracted all belong to a single potential family, which is
smoothly connected to that fitting the elastic-scattering
data up to the highest incident energies [4], and is thus
determined in a unique way. Because of the relative stabil-
ity of the parameters of the optical potential of ref. [25], it
proved possible [15] to extract the general trends of the en-
ergy behavior of the various components of the 16O + 16O
elastic-scattering amplitude; emphasis was laid on the an-
gular and energy dependence of the non-symmetrized con-
tributions to the cross-section.

In the present paper, we propose a systematic analysis
for the 12C + 12C system between 70 and 130 MeV in-
cident energy, where the differential cross-section pattern
is also dominated by symmetrization effects; as a global
optical potential is available for that system, it proves pos-
sible to obtain a much clearer and consistent picture of the
energy evolution of the various contributions of the cross-
section; this study will, we hope, give additional impetus
to the systematic use of the barrier-wave/internal-wave
decomposition technique in the analysis of light heavy-ion
scattering data.

2 Analysis of 12C + 12C elastic scattering for
incident energies between 70 and 130 MeV

2.1 The N/F and B/I decomposition techniques

We briefly recall here the essential ingredients and
physical contents of the nearside/farside and barrier-
wave/internal-wave decomposition techniques. Technical
details and relevant references can be found, e.g., in
ref. [15]; for a general discussion on the use of semiclassi-
cal approaches in nuclear scattering problems, the reader
is referred to the classical textbooks [18,26,27].

In the nearside/farside decomposition of Fuller [19],
the elastic-scattering amplitude f(Θ) is decomposed into
two subamplitudes fN(Θ) and fF(Θ) (nearside and farside
components). The decomposition is performed by replac-
ing the Legendre polynomials appearing in the partial-
wave series for the amplitude by their “travelling wave”
components Q̃

(+)
� and Q̃

(−)
� , which are defined in terms of

the Legendre polynomials P� and the Legendre functions

of the second kind Q�:

Q̃
(±)
� =

1
2

[
P�(cosΘ)∓ i

2
π

Q�(cosΘ)
]
; (1)

a similar decomposition, which can be performed analyt-
ically, has to be carried out for the Rutherford scattering
amplitude.

One of the merits of the N/F decomposition technique
is that it can be performed in an unambiguous way, start-
ing from the exact (quantum) scattering amplitude. It has,
however, been argued recently that it leads sometimes to
the appearance of unphysical contributions in the near-
side and farside contributions, which cancel out in the full
amplitude, and improved N/F decompositions have been
proposed [28]. As mentioned in the introduction, the most
important drawback of the N/F approach in the present
context is that it does not provide by itself an explanation
of the Airy pattern, since the interference phenomenon we
are interested in is embedded into one of the two compo-
nents (the farside component) of the scattering amplitude.

The B/I decomposition technique turns out to bring
more pertinent information in this case, since the interfer-
ence between the barrier-wave and internal-wave subam-
plitudes fully explains the experimental interference pat-
tern. In addition, an N/F decomposition of these two sub-
amplitudes, which can be performed in a rigorous way us-
ing the transformation of eq. (1), provides eventually the
barrier-wave and internal-wave components of the farside
amplitude which are responsible for the interference seen
in the latter. The B/I decomposition is technically rather
straightforward to perform, since the semiclassical calcu-
lation initially proposed by Brink and Takigawa can be
replaced by a succession of optical-model estimates [29].

2.2 The 12C + 12C global optical potential

In ref. [5], Brandan et al. carried out a folding-model
analysis and a phenomenological analysis of the fourteen
12C + 12C complete angular distributions of Stokstad et
al. [13] between 70.7 and 126.7 MeV incident energy. The
latter analysis, on which we will concentrate in the fol-
lowing, made use of Woods-Saxon volume form factors for
the real and imaginary parts of the potential U(r):

U(r) = − V0

1 + exp((r − Rv)/av)

−i
W0

1 + exp((r − Rw)/aw)
+ Vc(r) , (2)

where V0 = 386.2 − 0.868Elab, Rv = 2.669, av = 0.902,
W0 = −8.19 + 0.208Elab, Rw = 8.393− 0.0252Elab, aw =
−0.079 + 0.0057Elab (energies in MeV, lengths in fm); Vc

is the Coulomb potential between two uniformly charged
spheres with radius 3.17 fm (an alternative parametriza-
tion of the energy dependence of the potential, provided
in ref. [5], will not be used here). Up to Elab/A � 10 MeV,
several real potential depths are compatible with the data,
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Fig. 2. Effective potential curves for angular momenta be-
tween 0 and 30, calculated at 100 MeV using the real part of
the 12C + 12C optical potential of Brandan et al. [5].

but by imposing continuity with the results at higher en-
ergy, where the discrete ambiguity is resolved, a single po-
tential family is obtained, with a real volume integral per
nucleon pair, Jv, of about 350 MeV fm3 around 100 MeV
incident energy. The angular distributions presented in
fig. 1 between 70 and 130 MeV in 2 MeV steps were ob-
tained using the potential of eq. (2).

In fig. 1(b), we present the same angular distributions
as in fig. 1(a), but without symmetrization of the optical-
model scattering amplitude (and thus given as the ratio
of the cross-section to the Rutherford cross-section). Af-
ter elimination of the symmetrization interference effects,
a more regular energy dependence is observed; the most
striking feature is the apparition of several broad Airy
minima, whose angular position shifts towards smaller an-
gles as energy increases. The crossing of these minima at
Θ = 90◦ produces the minima seen in the 90◦ experimen-
tal excitation function; although they are more difficult
to see in the symmetrized angular distributions, a care-
ful examination also reveals the existence of these minima
at smaller (and larger) angles; for example, their influence
on the symmetrized angular-distribution pattern is clearly
seen around Elab = 120 MeV near 70◦ (and 110◦).

2.3 The B/I decomposition of the 12C + 12C
scattering amplitude

It is interesting to have a look at the real part of the
effective potentials in the energy region of interest, that
is between Ec.m. = 30 and 60 MeV (fig. 2): the effective
potential is seen to display pockets up to about Ec.m. =
50 MeV. Up to that energy (and, as a matter of fact,
slightly beyond), it is thus technically feasible to decom-
pose the elastic-scattering amplitude into its barrier-wave
and internal-wave components. This decomposition was
carried out by using the perturbative technique of ref. [29],

Fig. 3. Barrier-wave (a) and internal-wave (b) contributions
to the symmetrized 12C + 12C cross-sections between 70 and
130 MeV laboratory energies.

that is, by examining the response of the elastic S-matrix
to small modifications of the potential, localized in the
region of the potential pocket. The accuracy of the cal-
culations was checked by examining the stability of the
results against modifications of the parameters of the per-
turbation.

The result of the decomposition is illustrated in fig. 3.
In this figure we display the symmetrized barrier-wave
and internal-wave cross-sections, which have rarely been
presented in this context. The most remarkable result of
our calculations is that the hectic behavior of the full
symmetrized cross-section of fig. 1(a) is now replaced by
two very orderly angular-distribution patterns; this proves
that the B/I decomposition is indeed the most natural
technique to investigate the scattering in this energy re-
gion. Around 90◦, the internal-wave contribution domi-
nates the scattering by more than one order of magni-
tude, while the diffractive regime at small and large angles
is governed by the barrier-wave contribution. Interference
effects can be seen around 90◦ in the barrier contribu-
tion, but they have little influence on the full cross-section
because of the internal-wave dominance there; anecdoti-
cally, we note the presence of a minimum at 90◦, which
has to be interpreted as an interference effect between the
nearside and farside components of the barrier-wave am-
plitude. More interesting to comment is the fact that the



F. Michel and S. Ohkubo: Evolution of Airy structure in 12C(12C, 12C)12C between 5 and 10 MeV/A 337

Fig. 4. Same as fig. 3 for the non-symmetrized 12C + 12C
cross-sections.

broad oscillations displayed by the internal-wave angular
distribution are essentially symmetrization oscillations; in-
deed the non-symmetrized version of this angular distribu-
tion, which can be found in fig. 4(b), is essentially smooth
in the intermediate angles region. As to the rise seen at
large angles in the non-symmetrized internal-wave cross-
section, which plays an all-important role in explaining the
ALAS pattern seen at large angles in some light-ion scat-
tering systems (see, e.g., ref. [30]), it plays a very minor
role here since, in the full angular distribution, it is essen-
tially hidden by the Coulomb contribution in this angular
region. A look at fig. 4(a) also shows in a vivid way the
effect on the barrier-wave contribution of the progressive
disappearance of the potential pocket around 50 MeV c.m.
energy: the angular distribution becomes much smoother
around 90◦, and the oscillations seen in the symmetrized
barrier-wave cross-sections in this angular region are thus
essentially due to symmetrization interference effects at
these energies.

2.4 Farside component of the 12C + 12C barrier-wave
and internal-wave scattering amplitudes

Although from our point of view the B/I decomposition
has richer physical contents in the present context, it
is very useful to have a look at the results of the N/F
decomposition technique, which is largely complementary

Fig. 5. Farside contributions to the non-symmetrized
12C + 12C cross-sections between 70 and 130 MeV laboratory
energies. The dashed lines highlight the evolution with energy
of the position of various Airy minima.

to the former. For example, the energy evolution of
the Airy minima of fig. 1(a) is much clearer in the
farside contribution to the non-symmetrized scattering
amplitude, as can be seen in fig. 5, because the latter
does no more contain the component responsible for the
appearance of the small-angles Fraunhofer oscillations.
Between 70 and 130 MeV laboratory energy, five Airy
minima can be discerned; they are labeled with their
order in fig. 5 according to the usual convention (A1
is the last minimum to appear at large angles when
energy increases); A1 to A3 are responsible for the three
minima of the 90◦ excitation function discussed in the
introduction. Note that A4 cannot play an important role
in the energy range considered here, because it appears
at too low an angle and is masked by the Fraunhofer
oscillations; this remark is still more pertinent for A5.

It is seen that each of these Airy minima does not
survive on the full energy range; for example, A3 is most
noticeable between 80 and 100 MeV incident energy, while
A1 appears only beyond about 120 MeV. This can be un-
derstood easily if one refers to the barrier-wave/internal-
wave components of the farside component —or, more
correctly, to the farside contribution to the barrier-wave
and internal-wave components (fig. 6). Indeed, it is seen
that whereas the slope of the farside/barrier component
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Fig. 6. Farside contribution to the barrier-wave (a)
and internal-wave (b) components of the non-symmetrized
12C + 12C cross-sections between 70 and 130 MeV.

is essentially independent of energy, this is not the case
for the farside/internal contribution; the angle where both
amplitudes are comparable, and where interference ef-
fects are thus expected be enhanced, is seen to increase
with energy, in accordance with the results of fig. 5.
Figure 6 also shows that the oscillatory behavior of the
(non-symmetrized) barrier-wave contribution, and of the
internal-wave contribution at large angles (fig. 4) is essen-
tially due to interference effects with their nearside com-
ponent.

3 Conclusions

In this paper, we have investigated the properties of the
global optical potential of Brandan et al. [5], which de-
scribes consistently the 12C + 12C elastic-scattering data
of Stokstad et al. [13] between 70 and 130 MeV inci-
dent energies, by decomposing the optical-model scat-
tering amplitude into its nearside/farside and barrier-
wave/internal-wave components. The presence of a sub-
stantial internal-wave contribution, which interferes with
the barrier-wave component to generate the observed Airy
minima, emphasizes the incomplete-absorption features of
this system. The most spectacular result of the analysis is
to provide an explanation of the intricate angular and en-
ergy evolution of the data in terms of the interference of a

small set of scattering subamplitudes with a much simpler
behavior and an intuitively appealing interpretation.

We believe that the barrier-wave/internal-wave decom-
position technique, which is very simple to implement in
any standard optical-model code, should be applied in a
more systematic way —together with more conventional
approaches like the nearside/farside decomposition— in
the analysis of light heavy-ion scattering.
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